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Equivalent Structures
In most branches of mathematics, there is a notion of equivalence
between structures.
In set theory, two sets are equivalent if they have the same
cardinality: there is a bijection between them.
In algebra, two groups (rings, vector spaces, algebras, fields,
modules, . . . ) are equivalent, if they are isomorphic: there is a
bijection between them which preserves the operation(s).
In combinatorics, two graphs are equivalent, if they are
isomorphic: there is a bijection between them which preserves the
incidence.
In geometry, two metric spaces are equivalent, if they are
isometric: there is a bijection between them which preserves the
distance.
In topology, we want to define equivalence so that equivalent
topological spaces (A, S) and (B, T ) have the same topological
properties, EG connectedness, compactness, Hausdorffity, etc.
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A and subsets of B.
1

U ↔ h(U) for U ⊂ A

2

V ↔ h−1 (V ) for V ⊂ B

Since topological definitions are expressed using open sets, we
want (1) and (2) to “respect" open sets:
1
2

If U is open, then so is h(U)
If V is open, then so is h−1 (V )

By definition, (2) just says that h is continuous; (1) is a new idea:

Definition 1 (Open Map)
Let (A, S) and (B, T ) be topological spaces. A map h : A → B is said
to be open (respectively closed), if h(U) is open (respectively closed)
in B for all open (respectively closed) U in A.
Exercise: give four examples showing that these properties are
independent: h can be (open or not open) and (closed or not closed)
simultaneously.
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Definition 2 (Homeomorphisms)
Let (A, S) and (B, T ) be topological spaces. A map h : A → B is a
homeomorphism, if it is one-to-one, onto, open and continuous. If such
a map exists, we say that (A, S) and (B, T ) are homeomorphic.
Since h is one-to-one and onto, h−1 is well defined.

Theorem 1 (Homeomorphism)
A continuous one-to-one and onto mapping is a homeomorphism, if its
inverse is continuous.

Proof.
Obvious. The image of the inverse is the preimage.
Note: continuity of h does not imply continuity of h−1 (openness):
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Example 1
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and onto. Its inverse is not continuous at (1, 0).
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Continuity of Inverses
Example 1
f : [0, 2π) → S 1 where t 7→ (cos(t), sin(t)) is continuous, one-to-one
and onto. Its inverse is not continuous at (1, 0).
Sometimes we can avoid proving that h−1 is continuous (h is open):

Theorem 2 (Continuity of Inverse)
Let h : A → B be continuous, one-to-one and onto. If A is compact and
B is Hausdorff, then h is a homeomorphism.

Proof.
To prove that h is open, take an arbitrary open U ⊂ A. Then U 0 is
closed, and hence is compact (Theorem 2 of Lecture 6), as A is
compact. Then h(U 0 ) is compact in B (Theorem 1 of Lecture 6), and
hence is closed (Theorem 3 of Lecture 6), as B is Hausdorff. Then
(h(U 0 ))0 is open. But h is a bijection, so (h(U 0 ))0 = h(U), so h(U) is
open, as required.
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Properties, Properties, Properties
Properties defined entirely in terms of open sets are preserved by
homeomorphisms (EG: connectedness, compactness, path
connectedness, Hausdorffity, metrisability etc.)
Those which can only be defined using a metric, however, may not
be preserved (EG: boundedness, completeness).

Definition 3 (Topological Property)
A property of a topological space (A, S) is called topological, if it is
shared by any other space which is homeomorphic to (A, S).
Apart from those listed above, the following are topological properties:
Cardinality (obvious).
Dimension (if we define it correctly for topological spaces).
Exercise: prove that R and R2 are not homeomorphic (or see
below). Even better exercise: generalise this to all dimensions.
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The Luxury of Rubber Sheets
Topology is often called “rubber sheet geometry" in popular
expositions.
This description emphasises the idea that structures preserved
when “distorted" but not torn or pierced, and is really refers to
geometric topology.

Example 2
We expect an annulus A in R2 to be homeomorphic to a cylinder C in
R3 because we can “distort" one into the other.

The famous coffee mug and torus homeomorphism is more interesting.
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A Difficult Problem
Showing spaces are not homeomorphic can be difficult. We must
prove no homeomorphism exists.
In the most cases we show one space has a topological property
the other does not. EG:
1

2

3

[0, 1] and R are not homeomorphic since [0, 1] is compact but R is
not. [0, 1], (0, 1) and [0, 1) are pairwise not homeomorphic since
the first one is closed, the second one is open and the third one is
neither.
But (0, 1) and R are homeomorphic (tan). Exercise: prove that Rn
and B1 (0) ⊂ Rn are homeomorphic.
Discrete topology, half-interval topology and Euclidean topology on
R are pairwise not homeomorphic. In the first one, every point is
open, while in the other two not. Half-interval topology is “totally
disconnected" – for any two points there are clopen sets containing
them; Euclidean topology is connected.
}
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A circle S is homeomorphic to ellipse, to square, to triangle, to any
convex polygon, but is not homeomorphic to any subset M of R –
removing (almost any) point from M makes it disconnected (a
point which makes a set disconnected when removed is called a
cut point).
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boundary components; twice twisted cylinder is homeomorphic to
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convex polygon, but is not homeomorphic to any subset M of R –
removing (almost any) point from M makes it disconnected (a
point which makes a set disconnected when removed is called a
cut point). Exercise: for any n ≥ 0 find a topological space which
contains exactly n cut points; exactly n non-cut points.
A similar construction: a torus and the sphere are not
homeomorphic: you can remove a circle from a torus and it does
not become disconnected, but any circle on the sphere divides
(this is the famous Jordan Theorem).
Roman alphabet: A R; B; C G I J L M N S U V W Z; D O;
E F T Y; H K; P Q; X.
A (closed round) cylinder and the Möbius band are not
homeomorphic, as they have different number of connected
boundary components; twice twisted cylinder is homeomorphic to
the ordinary cylinder. Exercise: prove that n-twisted cylinder is
homeomorphic to m-twisted cylinder if and only if m = n (mod 2).
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A beautiful solution is known for two dimensional surfaces
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In algebraic topology, one tackles the homeomorphism problem
by associating groups/rings/algebras with spaces, EG:
Fundamental group and higher Homotopy groups.
Homology and Cohomology groups and Cohomology rings;
Bordism and cobordism groups.
Spectral sequences, characteristic classes and K-theory, etc.

This is done so that the groups are preserved by
homeomorphisms, so that the spaces having different groups are
not homeomorphic.
In higher dimension, the homeomorphism equivalence is too fine.
The appropriate concepts of equivalence are homotopy
equivalence or isotopy rather than homeomorphism.
Watch this space...
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